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Summary. Grass covers offer a level of erosion protection against hydrodynamic loads induced
by overtopping waves. The development of an accurate failure criterion for grass covers has
been hampered by the lack of understanding of how grass fails. Methods have been developed
to predict the hydrodynamic loads that act on the levee surface and consequently are transmitted
to the porous grass cover and subsoil. However, it is unknown how these hydrodynamic surface
loads on the soil are distributed amongst the pore water pressures and effective stresses, thereby
offering a significant challenge for engineers to simulate the transmission of stresses into the
porous grass cover. The analysis of the response of porous media is limited to either a fully
drained analysis or an undrained analysis, neither of which offer sufficient insights into the
time-dependent nature of the erosion resistance of grass covers. Little is thereby known on how
grass responds to hydrodynamic loads and when it will fail. Here we outline the development
of a new 2D continuum based model for porous media, which only requires the total stresses
and shear stresses at the levee surface to be determined by the user. Based on this information
the model determines how the distribution of the surface stresses into pore water pressures and
effective stresses changes with time. The model is thereby able to resolve any time dependent
and spatially distributed surface load. The solution to the model is constructed using separation
of variables, which has led to analytical solutions of the constitutive equations for porous media
and is consequently fast to run. The new modelling method would allow users to rapidly
evaluate the erosion resistance of grass based on measurements of the turf layer characteristics.
The development of the model opens up the possibility to perform fully time dependent
calculations on the behavior of porous media.
1

INTRODUCTION

According to the International Levee performance database, over half of the historic levee
failures are induced by external erosion due to wave overtopping or overflow (Ece et al., 2019).
This highlights the need for a proper understanding of how and when levees fail due to external
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erosion. When overtopping water damages the surface protection on levees, the subsequent
erosion could induce an unwanted levee breach. On the landside slope, levees are
predominantly protected by grass covers. The wish is to understand the erosion resistance of
grass covers. This has prompted research into when and how overtopping waves induce the
failure of the grass cover (Schuttrumpf and Oumeraci, 2005; Schuttrumpf and Van Gent, 2003;
Van der Meer et al., 2006). Field experiments performed with the wave overtopping simulator
led to various hypotheses with respect to the failure mechanism of grass. Ponsioen et al. (2019)
noted that waves reattached with the landside slope inducing high normal stresses on the grass
cover and related the damage of the grass cover to a peak in jet forces induced by the
reattachment of the waves to the subsoil (Ponsioen et al. ,2019; Van Damme et al., 2016). Van
der Meer et al. (2012) hypothesized that overtopping waves generate negative pressures over
the grass cover which cause the turf layer to be pulled from the soil. Bijlard (2015) and Hai and
Verhagen (2014) also noted that the failure of grass due to wave overtopping is caused by a
lifting force. Both theories support the differences in observed failure mechanisms between
overtopping and overflow (Van Damme et al., 2020). During overflow only wear erosion was
observed whereas during wave overtopping, failure is related to positive or negative normal
stresses. Wegman (2020) performed grass pulling tests to estimate the resistance of grass
against being pulled from the soil and discovered a fatigue limit for the grass cover. When the
experimentally induced degree of loading is high, grass withstands fewer load cycles than under
low loading conditions. Only for very small loads, is the grass cover response fully elastic. The
allowable degree of loading could be deduced from in-situ grass pulling tests (Wegman, 2020).
However, successful application of this method does require a translation of the wave load to a
pulling force at the soil surface.
Despite several observations of the pull-out mechanism, no satisfactory physical explanation
yet exists for the cause of this pull-out mechanism as it remains unclear how the internal stresses
in the turf layer develop over time as a consequence of the applied surface loads. We believe
that this is caused by a lack of understanding of the interaction between water and soil. Although
the interaction between fluid flow, and the deformation of porous media are ubiquitous in
nature, the ability to simulate these processes appears to remain challenging. In this paper we
propose on a new method aimed at overcoming the challenges related to simulating the
interaction between water and soil. The aim of this paper is thereby to boost the rigorous
evaluation and development of new boundary conditions for porous media. Here we will focus
on saturated elastic porous media being subjected to wave induced hydraulic shear stresses and
normal stresses.
Experiments have shown that water infiltrates into porous media when subjected to waves
(Davies,1996, Ye and Jeng, 2011). Consequently, either the porous medium needs to expand,
or the pore water needs to compress. Several researchers have already attempted to capture the
associated processes. It is thereby often assumed that the soil behaves undrained and that
consequently the effective stresses at the surface are zero, and that all the load is carried by the
water stresses. Moshagen (1975) thereby assumed that the bed was rigid and non-deformable.
For incompressible water, the resulting Laplace equation for the pressure indicates that pore
water pressures attenuate with depth without any phase shift, independent of the soil type. In
order to explain the observed phase shifts in fine soils, Moshagen (1975) assumed that water
was compressible but the bed rigid, which gives a type of heat equation for the time dependent
change in pore water pressures. Yamamoto (1978) extended this work with a poro-elastic
description of the porous medium by solving the equations of Biot. They noted that for
incompressible water the resulting pore pressure response agrees with the results of the Laplace
equation and attenuates with depth without any phase shift. Yamamoto et al. (1978) note that
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such a good transmission of the pressures must be associated with deformation of the soil
matrix. Since then, the Biot equations have been solved whereby the pore water is assumed
compressible via inclusion of a calibrated Skempton coefficient. This calibration however
becomes challenging when dealing with the elastic response to rapidly changing hydraulic
loads, indicating the need for more insights into the processes.
It should be noted that in all approaches described above, the a-priori assumption remained
that at the boundary the pore water pressures match the hydrodynamic pressures under the
waves and that the effective stresses are zero at the soil surface. Here a new modelling method
is proposed which no longer requires any a-priori assumptions with regards to the distribution
between pore water pressures and effective stresses. The preliminary analysis of this
methodology has been used to evaluate the validity of the assumption that the effectives stresses
at the soil surface remain zero.
2 METHODOLOGY
Prior to discussing the method for simulating the behavior of the porous medium first the
volume and momentum balance equations for the porous medium have been revisited in order
to arrive at two sets of mass and momentum balance equations. One set describes the particle
matrix, and one set describes the behavior of the pore water.
2.1 Volume balance equations
The volume balance equation for incompressible water, in the Cartesian 𝑥𝑥, 𝑧𝑧 coordinates and
time 𝑡𝑡, is given by
𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝑣𝑣𝑖𝑖
�𝑝𝑝
� = 0.
+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝜕𝜕𝑥𝑥𝑖𝑖

(1)

Here p denotes the porosity of the soil, and 𝑣𝑣𝑖𝑖 for 𝑖𝑖 = 1,2 denotes the Einstein’s summation of
the 2D displacement vector of the pore water, with 𝒙𝒙 = [𝑥𝑥, 𝑧𝑧]. The volume balance equation
for the incompressible particles in the soil is given by
𝜕𝜕(1 − 𝑝𝑝)
𝜕𝜕
𝜕𝜕𝑢𝑢𝑖𝑖
�(1 − 𝑝𝑝)
� = 0.
+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

(2)

where 𝑢𝑢𝑖𝑖 denotes the Einstein’s summation convention of the displacement vector of soil
particles. Adding Equations (1) and (2) gives the mass balance equation for soil which is given
by
𝜕𝜕
𝜕𝜕(𝑣𝑣𝑖𝑖 − 𝑢𝑢𝑖𝑖 )
𝜕𝜕 𝜕𝜕𝑢𝑢𝑖𝑖
�𝑝𝑝
�+
� � = 0.
𝜕𝜕𝑥𝑥𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖 𝜕𝜕𝜕𝜕

(3)

Here the time derivative of the difference between the displacement vector of water and that of
the particles, multiplied by the porosity 𝑝𝑝(𝑣𝑣𝑖𝑖 − 𝑢𝑢𝑖𝑖 ) equals the specific discharge of the pore
water 𝑞𝑞𝑖𝑖 . The divergence of the time derivative of the displacement vector of the particles equals
the change in volumetric strain 𝜖𝜖 𝑣𝑣𝑣𝑣𝑣𝑣 leading to
2.2 Momentum balance equations

𝜕𝜕𝑞𝑞𝑖𝑖
𝜕𝜕𝜖𝜖vol
=−
.
𝜕𝜕𝑥𝑥𝑖𝑖
𝜕𝜕𝜕𝜕

(4)

For the derivation of the momentum balance equations D'Alemberts principle of virtual work
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has been applied, which states that the total virtual work of the impressed forces plus the inertial
forces vanish for reversible displacements. The system considered here is assumed to consist
of incompressible water and incompressible particles. Although both are incompressible, the
flow of water from the soil matrix, could induce a volume change of the particle skeleton.
During this process no energy is lost, but only transferred between the two. The stresses in the
particles and the pore water pressures have been related to the total stress according to the
effective stress principle given by
𝜎𝜎𝑖𝑖𝑖𝑖 = 𝜎𝜎𝑖𝑖𝑖𝑖′ + 𝑃𝑃𝛿𝛿𝑖𝑖𝑖𝑖 ,

(5)

where 𝜎𝜎𝑖𝑖𝑖𝑖 is the stress tensor containing the components of the total stress, 𝜎𝜎𝑖𝑖𝑖𝑖′ contains the
components of the effective stress, and 𝑃𝑃 denotes the pore water pressure. 𝛿𝛿𝑖𝑖𝑖𝑖 denotes the
Kronecker delta which is 1 for 𝑖𝑖 = 𝑗𝑗 and 0 otherwise. Applying D’Alemberts principle of virtual
work to the soil matrix leads to the following generic momentum balance equations for the
particle matrix:
𝜕𝜕 2 𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝)𝑢𝑢𝑖𝑖
𝜕𝜕 2 𝑢𝑢𝑖𝑖
1 𝜕𝜕 2 𝜖𝜖vol 𝛾𝛾𝑤𝑤 𝜕𝜕𝑞𝑞𝑖𝑖
(1
�𝐾𝐾
+
𝜌𝜌
−
𝑝𝑝)𝑔𝑔
−
𝐺𝐺
−
+
𝐺𝐺�
−
= 0.
𝑝𝑝
𝑖𝑖
𝜕𝜕𝑡𝑡 2
𝑘𝑘𝑠𝑠 𝜕𝜕𝜕𝜕
3
𝜕𝜕𝑥𝑥𝑗𝑗2
𝜕𝜕𝑥𝑥𝑖𝑖2

(6)

Here g denotes the gravitational acceleration, 𝐾𝐾 denotes the compressibility modulus of the soil
skeleton and 𝐺𝐺 denotes the shear modulus of the soil skeleton. It is assumed that all shear forces
acting on a soil body are taken up by the soil skeleton. Applying the same procedure to the pore
water gives the following momentum balance equation
𝜕𝜕 2 𝜌𝜌𝑤𝑤 𝑝𝑝𝑣𝑣𝑖𝑖
𝜕𝜕𝜕𝜕 𝛾𝛾𝑤𝑤 𝜕𝜕𝑞𝑞𝑖𝑖
+
𝜌𝜌
𝑝𝑝𝑔𝑔
+
+
= 0,
𝑤𝑤
𝑖𝑖
𝜕𝜕𝑡𝑡 2
𝜕𝜕𝑥𝑥𝑖𝑖 𝑘𝑘𝑠𝑠 𝜕𝜕𝜕𝜕

(7)

where 𝑘𝑘𝑠𝑠 denotes the hydraulic conductivity of the soil. Under the assumption of a smooth
pressure profile, and smooth stress transitions the vector components can be rewritten in terms
of scalar values by taking respectively the divergence and curl of the vector field. This results
in the constitutive equations given in Section 2.3.
2.3 Expression in terms of scalar equations
A set of linear second-order differential equations has been obtained from taking the
divergence and curl of the momentum balance equations. The divergence of the gravitational
terms has thereby been neglected for simplicity, which is likely to have a negligible impact on
the result. The divergence of the momentum balance equations gives the relation for the
volumetric strain that occurs as a consequence of the normal stresses acting on a soil body.
Taking the divergence of the momentum balance equations for the particles results in
𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝)
where 𝜖𝜖vol =

𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕 2 𝜖𝜖vol 𝛾𝛾𝑤𝑤 𝜕𝜕𝜖𝜖vol
2
𝜕𝜕 2 𝜖𝜖vol 𝜕𝜕 2 𝜖𝜖vol
�𝐾𝐾
�
+
−
−
𝐺𝐺
�
+
� = 0,
𝜕𝜕𝑡𝑡 2
𝑘𝑘𝑠𝑠 𝜕𝜕𝜕𝜕
3
𝜕𝜕𝑥𝑥 2
𝜕𝜕𝑧𝑧 2

(8)

is the volumetric strain. Similarly, taking the divergence of the momentum

balance equation of the pore water results in the following pressure relation
−

𝜕𝜕 2 𝑃𝑃 𝜕𝜕 2 𝑃𝑃
𝛾𝛾𝑤𝑤 𝜕𝜕𝜖𝜖vol
𝜕𝜕 2 𝜖𝜖vol
−
=
−
+
𝜌𝜌
.
𝑤𝑤
𝜕𝜕𝑥𝑥 2 𝜕𝜕𝑧𝑧 2
𝑘𝑘𝑠𝑠 𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡 2
4
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A shear stress acting on the soil may also result in a rotation of the soil skeleton. All shear
stresses are assumed to be taken up by the pore skeleton. Assuming a 2D system, the curl of the
momentum balance equations of the particle skeleton results in

𝜕𝜕𝑢𝑢

𝜕𝜕𝑢𝑢

𝜕𝜕 2 𝜔𝜔
𝜕𝜕 2 𝜔𝜔 𝜕𝜕 2 𝜔𝜔
𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝) 2 − 𝐺𝐺 � 2 + 2 � = 0,
𝜕𝜕𝑡𝑡
𝜕𝜕𝑥𝑥
𝜕𝜕𝑧𝑧

(10)

where 𝜔𝜔 = 𝜕𝜕𝜕𝜕𝑥𝑥 − 𝜕𝜕𝜕𝜕𝑧𝑧 is defined as the vorticity. The vorticity and the volumetric strain are
related to the displacement of vector of the particle skeleton via the constitutive equations

and

−

𝜕𝜕 2 𝑢𝑢𝑥𝑥 𝜕𝜕 2 𝑢𝑢𝑥𝑥
𝜕𝜕𝜕𝜕 𝜕𝜕𝜖𝜖vol
−
=−
−
,
2
2
𝜕𝜕𝑥𝑥
𝜕𝜕𝑧𝑧
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(11)

𝜕𝜕 2 𝑢𝑢𝑧𝑧 𝜕𝜕 2 𝑢𝑢𝑧𝑧 𝜕𝜕𝜕𝜕 𝜕𝜕𝜖𝜖vol
(12)
−
−
=
−
.
𝜕𝜕𝑥𝑥 2
𝜕𝜕𝑧𝑧 2
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
Via these steps, a series of five second order linear differential equations has been derived which
forms the total system of equations that needs to be solved in order to describe the behavior of
the soil. The main advantage of the scalar description of soil, is that the momentum balance
equations themselves form an additional boundary condition.
2.4 Boundary conditions
In line with many others, Yamamoto et al. (1978) and Ye and Jeng (2011) solved the Biot’s
poroelastic equations to describe the effects of waves over a porous medium. Assuming that
waves exert both a total stress and a shear stress to the bed, then the shear stress is 450 out of
phase with the normal stress (Ye and Jeng, 2011). At the soil surface Ye and Jeng (2011)
assumed that the effective stresses are zero. Consequently, the pore water pressures are assumed
to carry the total load of the water acting on the soil. Deep in the soil the horizontal and vertical
displacements are assumed to be zero and also the pressure gradient is zero. In this section we
attempt to scrutinize the assumption that the effective stresses are zero at the surface in order to
develop a method which might be able to capture the processes close to the boundary of the
porous medium more accurately.
Before continuing to discuss the boundary conditions for a porous medium subjected to an
external load, first a side-step is made to see how this problem is approached within the field of
fluid dynamics where often the pressure Poisson equation is solved to enforce mass balance.
This equation is solved to arrive at a pressure field which enforces mass conservation when the
driving forces balance the frictional forces and fluid acceleration. The pressure equation results
from taking the divergence of the momentum balance equations. Provided that all velocity
vectors are described on the boundary, Orszag and Israeli (1974) commented that either the
normal or tangential component of the momentum balance equation at the boundary is
permissible as a boundary condition for the pressure Poisson equation. Orszag and Israeli
(1974) expressed the concern that a solution of the discretized pressure Poisson equation when
applying the Neumann boundary condition may differ from the solutions obtained with a
Dirichlet boundary condition for the pressure. Gresho and Sani (1987) showed that, for a
properly and well-posed problem, the Neumann and Dirichlet pressure boundary conditions
result in the same solution. Dierieck (1987) illustrated this for steady state problems.
5
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The constitutive relation for the volumetric strain is obtained from taking the divergence of
the momentum balance equations. The forces acting on the surface are given by the bed shear
stress 𝜏𝜏𝑥𝑥𝑥𝑥 and the total normal stress 𝜎𝜎𝑧𝑧𝑧𝑧 . Taking the divergence of these stress vectors results
in the left hand side of Equation (13), which must equal the acceleration terms at the boundary.
The boundary condition is therefore given by
𝜕𝜕 2 𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝)𝑢𝑢𝑖𝑖 𝜕𝜕 2 𝜌𝜌𝑤𝑤 𝑝𝑝𝑣𝑣𝑖𝑖
𝜕𝜕𝜏𝜏𝑥𝑥𝑥𝑥 𝜕𝜕𝜎𝜎′𝑧𝑧𝑧𝑧 𝜕𝜕𝜕𝜕
(13)
+
+
=−
−
− 𝜌𝜌𝑠𝑠 𝑔𝑔𝑖𝑖 ,
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡 2
𝜕𝜕𝑡𝑡 2
where 𝜌𝜌𝑠𝑠 = 𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝) + 𝜌𝜌𝑤𝑤 𝑝𝑝. Equation (13) thereby resembles the vertical momentum
balance equation. The constitutive equations describing the behavior of porous media differ
significantly from the Navier Stokes Equations in the sense that the solution is not divergence
free. Nevertheless, under the assumption that both the particles and pore water are
incompressible, the change in pore volume due to the volumetric strain of the particle matrix
must be accommodated by a net inflow or outflow of water. This also follows from the
divergence of the momentum balance equations for the particle matrix and the momentum
balance equations for water, respectively (See Equations (8) and (9)). It is furthermore
interesting to note that the vertical momentum balance equations can be used to serve as a
boundary condition. Under the assumption that the pore water pressures carry the full load, and
water is incompressible, then the volumetric strain and displacements remain zero throughout
the soil. This teaches us two things: a) for a zero right hand side, Equation (9) still gives spatial
gradients in x and z direction for the pressure. Substituting these pressure gradients in the
vertical momentum balance equations shows that the boundary condition does not abide by
D’Alembert’s principle of minimum energy. It therefore does not provide the solution which
abides with the minimum energy; b) When the displacements remain zero, then the soil is not
able to adopt the shear stresses at the surface as this requires a shear stress gradient. The
presence of a shear stress gives displacement gradients which also contribute to the effective
stress. When the effective stress is forced to be zero, then this effect must be compensated by a
change in volumetric strain.

𝜏𝜏 = −𝐺𝐺𝐺𝐺 − 2𝐺𝐺

𝑢𝑢𝑥𝑥 =

𝑑𝑑𝑢𝑢𝑧𝑧 𝑑𝑑𝑑𝑑
=
=0
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−

𝑑𝑑𝑢𝑢𝑧𝑧
,
𝑑𝑑𝑑𝑑

2
𝑑𝑑𝑢𝑢𝑧𝑧
𝜎𝜎𝑧𝑧𝑧𝑧 = − �𝐾𝐾 − 𝐺𝐺� 𝜖𝜖vol − 2𝐺𝐺
+ 𝑃𝑃,
𝑑𝑑𝑑𝑑
3

𝜕𝜕 2 𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝)𝑢𝑢𝑖𝑖 𝜕𝜕 2 𝜌𝜌𝑤𝑤 𝑝𝑝𝑣𝑣𝑖𝑖
𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕𝑧𝑧𝑧𝑧
=
==−
−
− 𝜌𝜌𝑠𝑠 𝑔𝑔𝑖𝑖 ,.
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡 2
𝜕𝜕𝑡𝑡 2
𝜕𝜕𝜕𝜕

COMPUTATIONAL DOMAIN

𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑
= 𝑢𝑢𝑧𝑧 =
=0
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑢𝑢𝑥𝑥 =

𝑑𝑑𝑢𝑢𝑧𝑧 𝑑𝑑𝑑𝑑
=
=0
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

BOUNDARY

Figure 1: Boundary conditions (Edge denotes the boundary of the computational domain).
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Please note that the top boundary conditions correspond with a soil-water interface. Here the
hydraulic shear stresses and total normal stresses exerted by waves on the porous medium, are
expected to be known. The third boundary condition at the surface follows from the normal
momentum balance equation for the soil matrix. The shear stresses at the surface and the
Neumann and Dirichlet boundary condition for the total stresses are related to the displacement,
volumetric strain, pressure and vorticity according to

𝜎𝜎𝑧𝑧𝑧𝑧

𝜏𝜏 = −𝐺𝐺𝐺𝐺 − 2𝐺𝐺

𝑑𝑑𝑢𝑢𝑧𝑧
,
𝑑𝑑𝑑𝑑

2
𝑑𝑑𝑢𝑢𝑧𝑧
= − �𝐾𝐾 − 𝐺𝐺� 𝜖𝜖vol − 2𝐺𝐺
+ 𝑃𝑃,
3
𝑑𝑑𝑑𝑑

14)

The volumetric strain 𝜖𝜖vol and vorticity 𝜔𝜔 are thereby uniquely expressible in terms of
displacements. It should be noted that no boundary conditions are enforced for the volumetric
strain or vorticity. These boundary conditions follow indirectly from the momentum balance
equations at the soils surface, and the boundary conditions for the vertical and horizontal
displacement at the bottom boundary, respectively. The objective has been to develop a
modelling method which allows for the boundary conditions for 𝑢𝑢𝑧𝑧 , 𝑃𝑃, 𝜖𝜖vol , 𝜔𝜔 to consist of a
combination of Dirichlet and Neumann boundary conditions. By setting the surface load as a
summation of harmonic functions, the method could be applied to predict the response of
porous media to any time dependent summation of harmonic hydraulic loading condition. In
this paper we predominantly focus on the boundary conditions at the surface. However, a
similar methodology could be applied to the bottom boundary condition (See Figure 1).
2.5 Initial conditions
Here the initial conditions are discussed. Defining the correct set of initial conditions has
been challenging. Initially no load is assumed to be present on the grass cover. A logical set of
initial conditions would therefore be:
𝜏𝜏|𝑡𝑡=0 = 𝜎𝜎𝑧𝑧𝑧𝑧 |𝑡𝑡=0 = 𝜎𝜎𝑥𝑥𝑥𝑥 |𝑡𝑡=0 = 0.

(15)

For 𝝈𝝈𝒛𝒛𝒛𝒛 |𝒕𝒕=𝟎𝟎 = 𝟎𝟎 it is assumed that both the effective stresses in the soil matrix are 0 initially
giving 𝒖𝒖𝒛𝒛 |𝒕𝒕=𝟎𝟎 = 𝒖𝒖𝒙𝒙 |𝒕𝒕=𝟎𝟎 = 𝝐𝝐𝐯𝐯𝐯𝐯𝐯𝐯 |𝐭𝐭=𝟎𝟎 = 𝟎𝟎. However also the pressure must be 0 initially requiring
𝒅𝒅
that also 𝒅𝒅𝒅𝒅 𝝐𝝐𝐯𝐯𝐯𝐯𝐯𝐯 |𝐭𝐭=𝟎𝟎 = 𝟎𝟎. The challenge is to use these conditions to derive a set of initial
conditions for the vorticity and volumetric strain, which indirectly determine the solution of the
pressure field and the displacement field.
2.6 Solving the system
Driven by the need for a rapid method for analyzing the forces exerted on a soil by fast
flowing water, attempts have been made to solve the system of equations analytically.
Analytical solutions for the wave equation are well known. When the boundary condition is
periodic, the general solution for the vorticity is given by
𝐾𝐾

𝑁𝑁

𝜔𝜔 = � � 𝜆𝜆𝑘𝑘,𝑛𝑛 e
𝑘𝑘=1 𝑛𝑛=−𝑁𝑁

2πint
T

7

sin �

𝜋𝜋𝜋𝜋𝜋𝜋
� 𝑓𝑓(𝑧𝑧),
𝐿𝐿

(16)
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where 𝒇𝒇(𝒛𝒛) = �𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜�𝒔𝒔𝒔𝒔𝜿𝜿𝒌𝒌,𝒏𝒏 � + 𝐛𝐛𝐤𝐤,𝐧𝐧 𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬�𝒔𝒔𝒔𝒔𝜿𝜿𝒌𝒌,𝒏𝒏 �� with 𝒔𝒔 =
𝜅𝜅𝑘𝑘,𝑛𝑛 = �1 −

𝝅𝝅𝝅𝝅
𝑳𝑳

4𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝)𝐿𝐿2 𝑛𝑛2
.
𝐺𝐺𝑘𝑘 2
𝑇𝑇 2

, and
(17)

Since G>>𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝), the value of 𝜅𝜅𝑘𝑘,𝑛𝑛 is approximately one.
Substituting the expression for the vorticity 𝜔𝜔, given by Equation (16), in Equations (11)
and (12), results in the following generic expression for the horizontal and vertical
displacement, whereby the second line denotes part of the homogeneous solution of the vertical
displacement. The homogeneous solutions of 𝑢𝑢𝑥𝑥 and 𝑢𝑢𝑧𝑧 have been chosen such that the curl
and divergence of the homogeneous displacement vector are both zero. The homogeneous
solutions solely facilitate obtaining the boundary conditions for the displacement.
𝐾𝐾

𝑁𝑁

𝑢𝑢𝑧𝑧,𝜔𝜔 = − � �

𝑘𝑘=1 𝑛𝑛=−𝑁𝑁
𝐾𝐾

𝑁𝑁

+� �

𝑘𝑘=1 𝑛𝑛=−𝑁𝑁

2πint
𝜆𝜆𝑘𝑘,𝑛𝑛 1
T cos(𝑠𝑠𝑠𝑠) 𝑓𝑓(𝑧𝑧)
e
𝑠𝑠 𝜅𝜅 2 − 1

𝑟𝑟𝑘𝑘,𝑛𝑛 2πint
e T cos(𝑠𝑠𝑠𝑠) 𝑓𝑓𝐻𝐻 (𝑧𝑧).

(18)

𝑠𝑠

Here 𝑓𝑓𝐻𝐻 (𝑧𝑧) = �cosh(𝑠𝑠𝑠𝑠) + ζk,n sinh(𝑠𝑠𝑠𝑠)�. Since 𝜅𝜅𝑘𝑘,𝑛𝑛 ≈ 1 the influence of 𝑢𝑢𝑧𝑧,𝜔𝜔 far outweighs
the influence of the vorticity 𝜔𝜔. For 𝜅𝜅𝑘𝑘,𝑛𝑛 ≈ 1 the particular solution of vorticity induced
displacement in vertical direction 𝑓𝑓(𝑧𝑧) is a close match for the homogeneous solution of the
displacement relations given in Equations (11) and (12). Also the contribution of the vorticity
to the shear stress at the surface can be assumed small. Consequently, assuming that 𝜔𝜔 =
𝜆𝜆𝑘𝑘,𝑛𝑛 =0, only gives a small error in the total solution. The advantage of this assumption is that
in principle only 3 unknown Fourier components remain, namely the Fourier component of the
solution for the volumetric strain, the Fourier component of the homogeneous solution of 𝑢𝑢𝑧𝑧 ,
and the Fourier components of a potential homogeneous solution of the pressure. This
homogeneous solution for the displacement must thereby result in a zero volumetric strain and
a zero vorticity. Ignoring the influence of the vorticity in Equation (14) gives that
𝐾𝐾

𝑁𝑁

𝜏𝜏𝑧𝑧=0 = 2𝐺𝐺 � � 𝑟𝑟𝑘𝑘,𝑛𝑛 e
𝑘𝑘=1 𝑛𝑛=−𝑁𝑁

2πint 𝜋𝜋𝜋𝜋
𝜋𝜋𝜋𝜋𝜋𝜋
T
�.
sin �

𝐿𝐿

𝐿𝐿

(19)

For the assumed cyclic shear stress pattern acting on the surface of the soil, working this out
gives a non-zero value for 𝜆𝜆𝑘𝑘,𝑛𝑛 . The solution for the horizontal displacement is given by
∞

∞

𝑢𝑢𝑥𝑥,𝜔𝜔 = − � �

𝑘𝑘=1 𝑛𝑛=1

𝑟𝑟𝑘𝑘,𝑛𝑛 2πint
e T sin(𝑠𝑠𝑠𝑠) 𝑔𝑔𝐻𝐻 (𝑧𝑧),
𝑠𝑠

(20)

where 𝑔𝑔𝐻𝐻 (𝑧𝑧) = �sinh(𝑠𝑠𝑠𝑠) + ζk,n cosh(𝑠𝑠𝑠𝑠)�. As can be seen from the solutions of the
horizontal and vertical displacements, the divergence of the vorticity induced displacement
vector is zero indicating that no volumetric strain is introduced by the vorticity.
Because the impact of the vorticity is negligible and because
8

𝛾𝛾𝑤𝑤
𝐾𝐾𝑠𝑠

≫ 𝜌𝜌𝑝𝑝 (1 − 𝑝𝑝) the acceleration
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terms have been neglected and the flow is assumed to be vorticity free. The effective stresses
at the surface are given by the total stress 𝜎𝜎𝑧𝑧𝑧𝑧 − 𝑃𝑃. Substituting, 𝜖𝜖vol = 0 in the expression for
the effective stress at the surface gives that the contribution of the homogeneous solution of the
displacement to the effective stress at the surface (z=0) is given by
′
𝜎𝜎𝑧𝑧𝑧𝑧
|𝑧𝑧=0

𝐾𝐾

𝑁𝑁

= −2𝐺𝐺 � � 𝑟𝑟𝑘𝑘,𝑛𝑛 e
𝑘𝑘=1 𝑛𝑛=−𝑁𝑁

2πint
T cos(𝑠𝑠𝑠𝑠) ζk,n .

(21)

where ζk,n follows from the boundary condition that 𝑢𝑢𝑧𝑧 |𝑧𝑧=−𝑍𝑍 = 0.
What remains is the question on how to resolve the homogeneous solution of the pressure.
For a zero change in volumetric strain over time the right hand side of Equation (9) becomes
zero. In this case the homogeneous solution of the pressure remains. The solution of this follows
from using the third boundary condition at the surface, given by the momentum balance
equations after rewriting these in absence of the acceleration terms and gravitational terms.
𝜕𝜕𝜕𝜕
2
𝜕𝜕𝜖𝜖vol 𝜕𝜕𝜕𝜕
(22)
− �𝐾𝐾 − 𝐺𝐺 �
−
=0
𝜕𝜕𝜕𝜕
3
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
2
𝜕𝜕𝜖𝜖vol 𝜕𝜕𝜕𝜕
(23)
𝐺𝐺
− �𝐾𝐾 − 𝐺𝐺 �
−
=0
𝜕𝜕𝜕𝜕
3
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
When the vorticity and volumetric strain are zero, then also the pressure gradients must be
zero. Taking the divergence and curl of the homogeneous solutions for the displacement gives
a zero volumetric strain and a zero vorticity. Consequently the homogeneous solutions of the
displacement cannot induce a pressure gradient. This is only achieved when the displacement
of the fluid 𝑣𝑣𝑖𝑖 matches the displacement of the particles 𝑢𝑢𝑖𝑖 . The homogeneous solution of the
pressure Poisson equation is thereby zero when the gravitational terms are ignored. However,
the homogeneous solution does serve to solve the still water system whereby the first order
gradient in the vertical direction are constant and counteract the gravitational pull of the water.
With the zero homogeneous solution of the dynamic pressure, only two Fourier components
remain to be solved at the surface using the two remaining surface boundary conditions for the
total stress and the shear stress.
−𝐺𝐺

3 DISCUSSION
Based on the analytical solutions for the vorticity and vorticity induced displacement, we
have attempted to show that the assumption that the effective stresses at the surface of a porous
medium are zero conflicts the boundary conditions for the shear stress when a gradient in shear
stress is present. It would be possible to enforce a zero effective stress at the surface. However
in this case, the vertical momentum balance equation is not satisfied over the soil surface, where
natural processes cause a transfer of mass and momentum between the waves and the porous
media. The often applied assumption that the effective stresses are zero at the soil surface could
very well explain the discrepancy between the measurements and model results when
attempting to simulate the change in pore water pressure in the soil due to water waves. A
method is proposed to solve the set of equations for the pore water, and soil matrix by using a
combination of Neumann and Dirichlet boundary conditions for the total stress, and a boundary
condition for the shear stress. The particular solutions of the volumetric strain, pressure,
vorticity and displacements all abide by the momentum balance equations from which they
have been derived. The influence of the vorticity on the overall solution has been shown to be
negligible small. It has also been shown that the homogeneous solution of the pressure is zero
9
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for those cases for which the acceleration terms and gravitational terms are ignored. Based on
these low impact assumptions the behavior of the soil can be accurately expressed with the
boundary conditions given by the total stress and the shear stress.
The effective stresses induced by the presence of a gradient in shear stress could very well
help explain why grass is being pulled from the soil in the case of waves overtopping levees,
whereas it is easily able to withstand significant flow velocities. In the case of a continuous
flow of water over a levee, gradients in shear stress are small. The pore water pressures are
therefore likely to carry more of the load.
Extension of this approach to include the analytical solution of the volumetric strain, which
also abides by the initial conditions, is suggested to further fully solve the system of equations.
The development of a numerical finite element method is also highly recommended to further
evaluate the validity of the approach (Mersie, 2021). The fact that the impact of the vorticity is
negligible suggests that a vorticity-based correction scheme, similar to the pressure correction
scheme, could be applied for numerically solving the momentum balance equations. The initial
conditions and boundary conditions proposed in this paper could be used to further the
development. This paper has predominantly focused on defining the boundary conditions at the
soil surface. The method could be extended to the boundary conditions inside the soil body
provided information on stress distribution is available. Further analysis of the impact of this
boundary condition on the solution at the surface is recommended.
The usefulness of the method is likely to extend beyond the evaluation of the onset of failure
of grass covers. The improved understanding of the behavior of porous media has a broad
application ranging from predicting the behavior of sea beds to predicting nutrient transport in
living cells and tissue. With this paper we hoped to have boosted the rigorous evaluation and
development of accurate boundary conditions for porous media models to improve overall
model performance. In time we hope that the method will be extended to correctly simulate the
plastic behavior of porous media.
4 CONCLUSIONS
A new method has been proposed to determine the boundary conditions for models that
describe the behavior of saturated linear elastic porous media subjected to hydraulic shear
stresses and normal stresses to explain the modes of failure of grass when subjected to hydraulic
loads. The aim of this paper has been to boost the rigorous evaluation and development of
accurate boundary conditions for geotechnical models. It is therefore highly recommended to
extend the analysis performed in this paper to the solution for the volumetric strain and to
further evaluate the end result. When successfully validated the method could be further
extended to numerical methods and models describing the behavior of partially saturated plastic
porous media.
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